Fixed points and exponential stability of mild solutions of stochastic partial differential equations with delays  by Luo, Jiaowan
J. Math. Anal. Appl. 342 (2008) 753–760
www.elsevier.com/locate/jmaa
Fixed points and exponential stability of mild solutions
of stochastic partial differential equations with delays ✩
Jiaowan Luo
Department of Probability and Statistics, School of Mathematics and Information Science, Guangzhou University,
Guangzhou, Guangdong 510405, PR China
Received 28 February 2007
Available online 17 November 2007
Submitted by U. Stadtmueller
Abstract
The fixed-point theory is first used to consider the stability for stochastic partial differential equations with delays. Some condi-
tions for the exponential stability in pth mean as well as in sample path of mild solutions are given. These conditions do not require
the monotone decreasing behavior of the delays, which is necessary in [T. Caraballo, K. Liu, Exponential stability of mild solutions
of stochastic partial differential equations with delays, Stoch. Anal. Appl. 17 (1999) 743–763; Ruhollan Jahanipur, Stability of
stochastic delay evolution equations with monotone nonlinearity, Stoch. Anal. Appl. 21 (2003) 161–181]. Even in this special case,
our results also improve the results in [T. Caraballo, K. Liu, Exponential stability of mild solutions of stochastic partial differential
equations with delays, Stoch. Anal. Appl. 17 (1999) 743–763].
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
The stability theory of stochastic partial differential equations with delays has been considered by many authors
over the last years. Caraballo [3] extended the results from Haussmann [8] to the delay equations of the same kind.
Mao [14] proved the exponential stability in the mean-square sense of the strong solutions of linear stochastic delay
equations with finite constant delay. Following the ideas of Haussmann [8] and Ichikawa [9], Caraballo and Real [5]
considered the stability of the strong solutions of semilinear stochastic delay evolution equations. Proceeding along
similar lines as Caraballo and Real [5], Govindan [7] proved the same results for quasilinear stochastic equations with
delayed random perturbation.
In the case of delay differential equations, in particular when we are concerned with the mild solutions of stochastic
partial differential equations, the Lyapunov’s second method, although a powerful technique in proving the stability
theorems, is not so suitable as in the non-delay case. A difficulty is that mild solutions do not have stochastic differ-
entials, so that one cannot apply the Itôs formula to them. Following Ichikawa [9], Liu [12] solved this problem by
✩ This work was partially supported by NNSF of China (Grant No. 10671043).
E-mail address: mathluo@yahoo.com.0022-247X/$ – see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2007.11.019
754 J. Luo / J. Math. Anal. Appl. 342 (2008) 753–760introducing approximating systems and then using a limiting argument. Caraballo and Liu [4] have also solved the
problem by using the properties of stochastic convolution integral, a method employed in Yor [15] and Khas’minskii
[11] to study the exponential stability of the mild solutions of semilinear stochastic evolution equations, the former
with the Lipschitz nonlinearity and the latter with monotone one.
For more than one hundred years Lyapunov’s direct method has been the primary technique for dealing with sta-
bility problems in deterministic/stochastic differential equations and functional differential equations. Yet, numerous
difficulties with the theory and application to specific problems persist and it does seem that new methods are need to
address those difficulties. Recently, Burton and his co-authors, see the new monograph [2], have applied fixed-point
theory to investigate the stability for deterministic systems, which shows that some of these difficulties vanish when
applying fixed-point theory.
Very recently, Appleby [1] and Luo [13] have used the fixed-point theory to deal with the stability for stochas-
tic differential equations. More precisely, Appleby [1] studied the almost sure stability for a classical equation by
splitting the stochastic differential equation into two equations, one being a fixed stochastic problem and the other a
deterministic stability problem with forcing function. Luo [13] made the different method than in [1] to investigate the
mean square asymptotical stability by means of fixed-point theory for stochastic delay differential equations, where
the conditions do not require the boundedness of delays, nor do they ask for a fixed sign on the coefficient functions.
In the present paper, we make a first attempt to study the exponential stability of mild solutions of stochastic
partial differential equations with delays, which have been discussed in several papers, [4,10,12], etc. By using the
contraction mapping principle and stochastic integral technique, we give conditions to ensure that the zero solution
is exponentially stable in pth mean as well as in pathwise. These conditions do not require the monotone decreasing
behavior of the delays, which is necessary in [4,10]. Even in this special case, our results also improve the results
in [4].
2. Preliminaries
Let {Ω,F ,P} be a complete probability space equipped with some filtration {Ft }t0 satisfying the usual condi-
tions, i.e., the filtration is right continuous and F0 contains all P-null sets. Let H , K be two real separable Hilbert
spaces and we denote by 〈·,·〉H , 〈·,·〉K their inner products and by ‖ · ‖H , ‖ · ‖K their vector norms, respectively.
We denote by L(K,H) the set of all linear bounded operators from K into H , equipped with the usual operator
norm ‖ · ‖. In this paper, we always use the same symbol ‖ · ‖ to denote norms of operators regardless of the spaces
potentially involved when no confusion possibly arises. Let τ > 0 and D := D([−τ,0];H) denote the family of
all right-continuous functions with left-hand limits ϕ from [−τ,0] to H . The space D([−τ,0];H) is assumed to
be equipped with the norm ‖ϕ‖D = sup−τθ0 ‖ϕ(θ)‖H . We also use DbF0([−τ,0];H) to denote the family of all
almost surely bounded, F0-measurable, D([−τ,0];H)-valued random variables.
Let {W(t), t  0} denote a K-valued {Ft }t0-Wiener process defined on {Ω,F ,P} with covariance operator Q,
i.e.,
E
〈
W(t), x
〉
K
〈
W(s), y
〉
K
= (t ∧ s)〈Qx,y〉K for all x, y ∈ K,
where Q is a positive, self-adjoint, trace class operator on K . In particular, we shall call such W(t), t  0, a K-valued
Q-Wiener process with respect to {Ft }t0.
In order to define stochastic integrals with respect to the Q-Wiener process W(t), we introduce the subspace
K0 = Q1/2(K) of K which, endowed with the inner product
〈u,v〉K0 =
〈
Q−1/2u,Q−1/2v
〉
K
is a Hilbert space. Let L02 = L2(K0,H) denote the space of all Hilbert–Schmidt operators from K0 into H . It turns
out to be a separable Hilbert space, equipped with the norm
‖Ψ ‖2L02 = tr
((
ΨQ1/2
)(
ΨQ1/2
)∗) for any Ψ ∈ L02.
Clearly, for any bounded operators Ψ ∈ L(K,H), this norm reduces to ‖Ψ ‖2 0 = tr(ΨQΨ ∗).L2
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ing norm for arbitrary t ∈ [0, T ],
|J |t =
{
E
t∫
0
tr
((
J (s,ω)Q1/2
)(
J (s,ω)Q1/2
)∗)
ds
} 1
2
.
In particular, we denote all L02-valued predictable processes J satisfying |J |T < ∞ by U2([0, T ];L02). The stochastic
integral
∫ t
0 J (s,ω)dW(s) ∈ H , t  0, may be defined for all J (t,ω) ∈ U2([0, T ];L02) by
t∫
0
J (s,ω)dW(s) = L2 − lim
n→∞
n∑
i=1
t∫
0
√
λi J (s,ω)ei dB
i
s , t ∈ [0, T ],
where W(t) =∑∞i=1 √λiBit ei . Here (λi  0, i ∈ N) are the eigenvalues of Q and (ei, i ∈ N) are the corresponding
eigenvectors, (Bit , i ∈ N) are independent standard real-valued Brownian motions. The reader is referred to [6] for a
systematic theory about stochastic integrals of this kind.
Let S(t), t  0, be some C0-semigroup of bounded linear operators over H which has its infinitesimal generator A
with domain D(A) ⊂ H .
Consider the following semilinear stochastic partial differential equation with delays{
dx(t) = [Ax(t)+ f (t, x(t − ρ(t)))]dt + g(t, x(t − δ(t)))dW(t), t  0,
x0(·) = ξ ∈ DbF0
([−τ,0],H ). (2.1)
The mappings f :R+×D([−τ,0];H) → H , g :R+×D([−τ,0];H) → L(K,H) are all Borel measurable, ρ :R+ →
[0, τ ], δ :R+ → [0, τ ] are continuous.
Definition 2.1. A stochastic process {x(t), t ∈ [0, T ]}, 0 T < ∞, is called a mild solution of (2.1) if
(i) x(t) is adapted to Ft , t  0;
(ii) x(t) ∈ H has càdlàg paths on t ∈ [0, T ] almost surely, and for arbitrary 0 t  T ,
x(t) = S(t)ξ(0)+
t∫
0
S(t − s)f (s, x(s − ρ(s)))ds +
t∫
0
S(t − s)g(s, x(s − δ(s)))dW(s) (2.2)
and x0(·) = ξ ∈ DbF0([−τ,0],H).
Definition 2.2. Let p  2 be an integer. Equation (2.2) is said to be exponentially stable in pth mean, if for any initial
value ξ , there exists a pair of positive constants λ > 0 and C such that
E
∥∥x(t)∥∥p
H
 C‖ξ‖pDe−λt , t  0. (2.3)
Definition 2.3. Equation (2.2) is said to be almost surely exponentially stable if there exists a λ > 0 such that there is
a finite random variable β such that∥∥x(t)∥∥
H
 βe−λt a.s. for all t  0. (2.4)
In order to set our problem, we always assume that the following hold, which are also imposed in [4]:∥∥S(t)∥∥
H
Me−γ t , ∀t  0, where M  1 and γ > 0, (2.5)∥∥f (t, x)− f (t, y)∥∥
H
< C1‖x − y‖H , ∀t  0, x, y ∈ H, where C1 > 0, (2.6)∥∥g(t, x)− g(t, y)∥∥ C2‖x − y‖H , ∀t  0, x, y ∈ H, where C2 > 0. (2.7)
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i.e.,
ρ′(t) 0, δ′(t) 0, ∀t  0. (2.8)
Even in this special case, our results also improve the results in [4].
3. Exponential stability in the pth mean
In this section, we will consider the exponential stability in the pth mean of mild solutions of (2.1) by means of
the fixed-point theory. For the purposes of stability, we shall assume that
f (t,0) ≡ 0 and g(t,0) ≡ 0 for any t  0. (3.1)
Then Eq. (2.1) obviously has a trivial solution when ξ ≡ 0.
Theorem 3.1. Suppose that conditions (2.5)–(2.7) hold. Then Eq. (2.2) is exponentially stable in pth mean if
3p−1Mp
(
C
p
1 γ
1−p +Cp2
(
p(p − 1)/2)p/2(2γ (p − 1)/(p − 2))1−p/2)< γ. (3.2)
Proof. Denote by S the Banach space of all F -adapted processes φ(t,ω) : [−τ,∞)×Ω → R, which is almost surely
continuous in t for fixed ω ∈ Ω . Moreover, φ(s,ω) = ξ(s) for s ∈ [−τ,0] and eαtE‖φ(t,ω)‖pH → 0 as t → ∞, where
α is a positive constant such that 0 < α < γ and
3p−1Mp
(
C
p
1 γ
1−p +Cp2
(
p(p − 1)/2)p/2(2γ (p − 1)/(p − 2))1−p/2)(eατ /(γ − α))< 1, (3.3)
which holds since condition (3.2).
Define an operator π : S → S by (πx)(t) = ψ(t) for t ∈ [−τ,0] and for t  0,
(πx)(t) = S(t)ξ(0)+
t∫
0
S(t − s)f (s, x(s − ρ(s)))ds +
t∫
0
S(t − s)g(s, x(s − δ(s)))dW(s) := 3∑
i=1
Ii(t).
(3.4)
We first verify the continuity in pth mean of π on [0,∞). Let x ∈ S , t1  0, and |r| be sufficiently small, then
E
∥∥(πx)(t1 + r)− (πx)(t1)∥∥pH  3p−1
3∑
i=1
E
∥∥Ii(t1 + r)− Ii(t1)∥∥pH .
It is easily to know that
E
∥∥Ii(t1 + r)− Ii(t1)∥∥pH → 0, i = 1,2,
as r → 0. Further, by using Holder’s inequality and Lemma 7.7 in [6], we get
E
∥∥I3(t1 + r)− I3(t1)∥∥pH  2p−1E
∥∥∥∥∥
t1∫
0
(
S(t1 + r − s)− S(t1 − s)
)
g
(
s, x
(
s − δ(s)))dW(s)
∥∥∥∥∥
p
H
+ 2p−1E
∥∥∥∥∥
t1+r∫
t1
S(t1 + r − s)g
(
s, x
(
s − δ(s)))dW(s)
∥∥∥∥∥
p
H
 2p−1cp
( t1∫
0
(
E
∥∥(S(t1 + r − s)− S(t1 − s))g(s, x(s − δ(s)))∥∥pH )2/p ds
)p/2
+ 2p−1cp
( t1+r∫
t1
(
E
∥∥S(t1 + r − s)g(s, x(s − δ(s)))∥∥pH )2/p ds
)p/2
→ 0 (3.5)
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π(S) ⊂ S . It follows from (3.4) that
eαtE
∥∥(πx)(t)∥∥p
H
 3p−1eαtE
∥∥S(t)ξ(0)∥∥p
H
+ 3p−1eαtE
∥∥∥∥∥
t∫
0
S(t − s)f (s, x(s − ρ(s)))ds
∥∥∥∥∥
p
H
+ 3p−1eαtE
∥∥∥∥∥
t∫
0
S(t − s)g(s, x(s − δ(s)))dW(s)
∥∥∥∥∥
p
H
. (3.6)
Now we estimate the terms on the right-hand side of (3.6). Firstly, by the condition (2.5), we obtain
3p−1eαtE
∥∥S(t)ξ(0)∥∥p
H
 3p−1Mpe−pγ t eαt‖ξ‖pD → 0 as t → ∞. (3.7)
Secondly, Holder’s inequality and (2.5) yield
3p−1eαtE
∥∥∥∥∥
t∫
0
S(t − s)f (s, x(s − ρ(s)))ds
∥∥∥∥∥
p
H
 3p−1eαtE
[ t∫
0
∥∥S(t − s)f (s, x(s − ρ(s)))∥∥
H
ds
]p
 3p−1eαtE
[ t∫
0
Me−γ (t−s)
∥∥f (s, x(s − ρ(s)))∥∥
H
ds
]p
 3p−1MpCp1 e
αt
E
[ t∫
0
e−γ (t−s)
∥∥x(s − ρ(s))∥∥
H
ds
]p
= 3p−1MpCp1 eαtE
[ t∫
0
e−(γ (p−1)/p)(t−s)e−(γ /p)(t−s)
∥∥x(s − ρ(s))∥∥
H
ds
]p
 3p−1MpCp1 e
αt
[ t∫
0
e−γ (t−s) ds
]p−1 t∫
0
e−γ (t−s)E
∥∥x(s − ρ(s))∥∥p
H
ds
 3p−1MpCp1 (1/γ )
p−1eαt
t∫
0
e−γ (t−s)E
∥∥x(s − ρ(s))∥∥p
H
ds
= 3p−1MpCp1 (1/γ )p−1eαt
t∫
0
e−γ (t−s)e−α(s−ρ(s))eα(s−ρ(s))E
∥∥x(s − ρ(s))∥∥p
H
ds
 3p−1MpCp1 γ
1−peατ e−(γ−α)t
t∫
0
e(γ−α)seα(s−ρ(s))E
∥∥x(s − ρ(s))∥∥p
H
ds. (3.8)
For any x(t) ∈ S and any  > 0, there exists a t1 > 0 such that eα(s−ρ(s))E‖x(s − ρ(s))‖pH <  for t  t1. Thus
from (3.8) we can get
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∥∥∥∥∥
t∫
0
S(t − s)f (s, x(s − ρ(s)))ds
∥∥∥∥∥
p
H
 3p−1MpCp1 γ
1−peατ e−(γ−α)t
t1∫
0
e(γ−α)seα(s−ρ(s))E
∥∥x(s − ρ(s))∥∥p
H
ds
+ 3p−1MpCp1 γ 1−peατ e−(γ−α)t
t∫
t1
e(γ−α)seα(s−ρ(s))E
∥∥x(s − ρ(s))∥∥p
H
ds
 3p−1MpCp1 γ
1−peατ e−(γ−α)t
t1∫
0
e(γ−α)seα(s−ρ(s))E
∥∥x(s − ρ(s))∥∥p
H
ds
+ 3p−1MpCp1 γ 1−p
(
eατ /(γ − α)). (3.9)
As e−(γ−α)t → 0 as t → ∞ and condition (3.3), there exists t2  t1 such that for any t  t2, we have
3p−1MpCp1 γ
1−peατ e−(γ−α)t
t1∫
0
e(γ−α)seα(s−ρ(s))E
∥∥x(s − ρ(s))∥∥p
H
ds
  − 3p−1MpCp1 γ 1−p
(
eατ /(γ − α)). (3.10)
So from the above and (3.9), we obtain for any t  t2
3p−1eαtE
∥∥∥∥∥
t∫
0
S(t − s)f (s, x(s − ρ(s)))ds
∥∥∥∥∥
p
H
< .
That is to say,
3p−1eαtE
∥∥∥∥∥
t∫
0
S(t − s)f (s, x(s − ρ(s)))ds
∥∥∥∥∥
p
H
→ 0 as t → ∞. (3.11)
As for the third term on the right-hand side of (3.6), for any x(t) ∈ S, t ∈ [−τ,∞), we have for p > 2
3p−1eαtE
∥∥∥∥∥
t∫
0
S(t − s)g(s, x(s − δ(s)))dW(s)
∥∥∥∥∥
p
H
 3p−1eαt cpMp
{ t∫
0
(
e−γp(t−s)E
∥∥g(s, x(s − δ(s)))∥∥p
H
)2/p
ds
}p/2
 3p−1eαt cpMpCp2
{ t∫
0
(
e−γp(t−s)E
∥∥x(s − δ(s))∥∥p
H
)2/p
ds
}p/2
= 3p−1eαt cpMpCp2
{ t∫
0
(
e−γ (p−1)(t−s)e−γ (t−s)E
∥∥x(s − δ(s))∥∥p
H
)2/p
ds
}p/2
 3p−1eαt cpMpCp2
{ t∫
0
e
−[ 2(p−1)
p−2 ]γ (t−s)
} p
2 −1 t∫
0
e−γ (t−s)E
∥∥x(s − δ(s))∥∥p
H
ds
 3p−1cpMpCp2
(
2γ (p − 1)/(p − 2))1−p/2eαt
t∫
e−γ (t−s)E
∥∥x(s − δ(s))∥∥p
H
ds, (3.12)0
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for p  2,
3p−1eαtE
∥∥∥∥∥
t∫
0
S(t − s)g(s, x(s − δ(s)))dW(s)
∥∥∥∥∥
p
H
 3p−1cpMpCp2
(
2γ (p − 1)/(p − 2))1−p/2eαt
t∫
0
e−γ (t−s)E
∥∥x(s − δ(s))∥∥p
H
ds. (3.13)
Similar to the proof of (3.11), form (3.13) we obtain
3p−1eαtE
∥∥∥∥∥
t∫
0
S(t − s)g(s, x(s − δ(s)))dW(s)
∥∥∥∥∥
p
H
→ 0 as t → ∞. (3.14)
Thus, from (3.6), (3.7), (3.11) and (3.14), we know that eαtE‖(πx)(t)‖pH → 0 as t → ∞. So we conclude that
π(S) ⊂ S .
Thirdly, we will show that π is contractive. For x, y ∈ S , as proceeding as we did previously, we can obtain
E sup
s∈[0,T ]
∥∥(πx)(t)− (πy)(t)∥∥p
H
 2p−1E sup
s∈[0,T ]
∥∥∥∥∥
t∫
0
S(t − s)(f (s, x(s − ρ(s)))− f (s, y(s − ρ(s))))ds
∥∥∥∥∥
p
H
+ 2p−1E sup
s∈[0,T ]
∥∥∥∥∥
t∫
0
S(t − s)(g(s, x(s − δ(s)))− g(s, y(s − δ(s))))dW(s)
∥∥∥∥∥
p
H
 sup
s∈[0,T ]
E
∥∥x(t)− y(t)∥∥p
H
× 2p−1Mp(Cp1 γ 1−p +Cp2 (p(p − 1)/2)p/2(2γ (p − 1)/(p − 2))1−p/2)(eατ /(γ − α)). (3.15)
Thus by (3.3) we know that π is a contraction mapping.
Hence by the Contraction Mapping Principle, π has a unique fixed-point x(t) in S , which is a solution of (2.2)
with x(s) = ξ(s) on [−τ,0] and eαtE‖x(t)‖pH → 0 as t → ∞. This completes the proof. 
Remark 3.1. Theorem 3.1 does not ask for condition (2.8). Even in this special case where condition (2.8) holds, our
results also improve the results in [4]. For example, when ρ(t) ≡ τ , δ(t) ≡ τ , our condition is
3p−1Mp
(
C
p
1 γ
1−p +Cp2
(
p(p − 1)/2)p/2(2γ (p − 1)/(p − 2))1−p/2)< γ. (3.16)
However, the corresponding condition in [4] is
3p−1Mp
(
C
p
1 γ
1−p +Cp2
(
p(p − 1)/2)p/2(2γ (p − 1)/(p − 2))1−p/2)eγ τ < γ. (3.17)
In this sense, this paper improves the results in [4].
4. Almost sure exponential stability
In this section, we intend to investigate the almost sure stability, which is in most situations the kind of stability
ones usually want to have in practical applications.
Theorem 4.1. Suppose that all the conditions of Theorem 3.1 hold. Then Eq. (2.2) is almost surely exponentially
stable.
760 J. Luo / J. Math. Anal. Appl. 342 (2008) 753–760Proof. The proof is very similar to the proof of Theorem 4.1 in [4], so we omit it. 
Remark 4.1. As in Remark 3.1, Theorem 4.1 in this paper improves and generalizes Theorem 4.1 in [4].
5. Applications
Example 5.1. Consider the semilinear stochastic heat equation with delays
dZ(t, x) =
[
∂2
∂x2
Z(t, x)− Z(t − sin t, x)
1 + |Z(t − sin t, x)|
]
dt + σZ(t − cos t, x)
1 + |Z(t − cos t, x)| dBt , t  0,
Z(t,0) = Z(t,1) = 0, t  0,
Z(θ, x) = ψ(θ, x), θ ∈ [−1,0], x ∈ [0,1],
where the real number σ is magnitude of continuous noise, Bt is a standard one-dimensional Brownian motion.
Let K = R1 and A = ∂2/∂x2 with the domain
D(A) =
{
u ∈ H : ∂u
∂x
,
∂2u
∂x2
∈ H, u(0) = u(1) = 0
}
,
so it is well known that∥∥S(t)∥∥
H
 e−π2t , ∀t  0.
By using Theorems 3.1 and 4.1, we may deduce that if
3p−1
(
π1−p + σp(p(p − 1)/2)p/2(2π(p − 1)/(p − 2))1−p/2)< π, (5.1)
then the mild solutions of this equation is exponentially stable in pth mean and almost surely exponentially stable.
However, [4] fails to this equation, because condition (2.8) does not hold.
Remark 5.1. In this paper we just make a first attempt to use the fixed-point theory to deal with the stability of
stochastic delay partial differential equations. The fixed-point theory used in stability seems in its very early stages.
The investigator will get better results by using several methods than by using one of them. The author will further
use different fixed-point theorems to consider the stability of SPDEs in the latter papers.
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